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The outlines 
In this talk, we are interested in the delay-independent stability of the 
system of equations of FDDAE 
*  Some definitions and priminary facts used in this talk; 
*  Stability Criteria: the sufficient conditions of the delay-   
independently asymptotic stability for FDDAE are derived to ensure 
the exponential stability for any delay parameter based on        
     # Spectrum-based stability analysis 
     # Delay–independent asymptotic stability 
 



Introduction and previous Works 

In this talk, we are interested in the Fractional order delay differential 
–algebraic equations (FDDAEs) of the following form: 
      D𝑡𝑡

αy1 t = f t, y1 t , y1 t − τ , y2 t , y2 t − τ         t ≥ 0, 0 < 𝛼𝛼 < 1                               
                  0 = 𝑔𝑔 t, y1 t , y1 t − τ , y2 t , y2 t − τ        t ≥0 

          y1 t = 𝜑𝜑1 t  , y2 t = 𝜑𝜑2 t                              − τ ≤ t ≤ 0 
  

where Dt
α𝑦𝑦(𝑡𝑡) denotes the Caputo fractional derivative of order α, 

τ is the delay parameter, 𝑓𝑓 and 𝑔𝑔 are smooth vector functions on 
the real Euclidean spaces. The (m-1)- order derivatives of initial 
value functions 𝜑𝜑1 𝑎𝑎𝑎𝑎𝑎𝑎   𝜑𝜑2 are continuous. 
By linearizing general FDDAE around a trajectory, we obtain  



Introduction and previous Works 

the delay differential Algebraic equation of the form (1): 
         𝐸𝐸𝐷𝐷𝛼𝛼𝑦𝑦 𝑡𝑡 = 𝐴𝐴𝑦𝑦 𝑡𝑡 + 𝐵𝐵𝑦𝑦 𝑡𝑡 − 𝜏𝜏 + 𝑓𝑓(𝑡𝑡)        𝑡𝑡 ≥ 0                 (1)                                                                
                 𝑦𝑦 𝑡𝑡 = 𝜑𝜑 𝑡𝑡                                        − 𝜏𝜏 ≤ 𝑡𝑡 ≤ 0 
 
where 0 ≤ 𝛼𝛼 ≤ 1;  y t ∈  Rn  is the state vector. 𝐷𝐷𝛼𝛼𝑦𝑦 𝑡𝑡  denotes an 
𝛼𝛼 order Caputo fractional –order derivative of y(t) ; matrices A, B 
∈  𝑅𝑅𝑛𝑛×𝑛𝑛 and  E ∈  𝑅𝑅𝑛𝑛×𝑛𝑛 are singular with rank(E)=r < n ; 𝜏𝜏 ∈ 𝑅𝑅+ is the 
time delay and 𝜑𝜑 is the consistent initial function. 

  



Introduction and previous Works 

The analysis of stability of integer-order delay differential algebraic 
systems have been considered by many researcher: 
   Ha, 2015 –analysis and numerical solutions of delay   differential –algebraic 
equations 
  Yuan and Shen, 2014 - The stability of two-step Runge-Kutta methods for 

Neutral Delay integro differential – algebraic equations with many delays 
  Hu,Cong and Hu, 2018 -Delay –dependent stability of linear multistep methods 

for DAEs with Multiple delays 
  Milano, 2016- Small-signal stability analysis for non-index 1 Hessenberg form 

systems of delay differential-algebraic equations 
   Ha , 2018-  Spectral characterizations of solvability and stability for delay 

differential_algebraic  equations  
 
 
 

   



Introduction and Previous Works 

Ha, 2018-  On the stability analysis of delay differential-algebraic equation  
Liu, Dassios and Milano, 2018-On the stability analysis of systems of Neutral 
delay differential equations. 
 
The analysis of stability of fractional-order systems is more 
complex than that of integer-order differential systems. In 
recent years, there are some results on the stability 
analysis for fractional-order delay differential equations. 
For example: 
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    Zhang,Wu and Cao 2014 –asymptotic stability of caputo type fractional neutral 
dynamical systems 
   Li, Zhong and Li, 2015 – asymptotic stability analysis of fractional-order neutral 

systems with time delay 
   Priyadharsini and Govindaraj, 2018 –asymptotic stability of caputo fractional 

singular differential systems with multiple Delay 
    Zaczkiewicz, 2019 Fractional differential algebraic systems with delay : 

computation of final dimension initial conditions and inputs for given outputs 
Cermak and Kisela , 2019-  oscillatory and asymptotic properties of fractional 
delay differential  equations  

 
 

   



Preliminaries 

For the sake of convenience, some notations are 
introduced firstly. Throughout this talk, for any matrix X, 
det(X) represents the determinant of matrix X.  
𝜎𝜎 𝑋𝑋  denotes the spectrum of matrix X,  
𝜌𝜌 𝑋𝑋  represents the spectral radius of matrix X and 
arg(𝜎𝜎 𝑋𝑋 ) stands for the principle argument of 𝜎𝜎 𝑋𝑋 . 
𝐶𝐶− = 𝜆𝜆 ∈ 𝐶𝐶;𝑅𝑅𝑅𝑅(𝜆𝜆) < 0  



 
Definition  1  [Podlubny,1999] Riemann- liouville’s fractional 
integral of order q>0 for a function 𝑓𝑓:𝑅𝑅+ → 𝑅𝑅+ is defined as: 

 

Γ(.) is the gamma function 

Preliminaries 

Definition  2  [Podlubny,1999] The Caputo’s fractional 
derivative of order q for a function 𝑓𝑓:𝑅𝑅+ → 𝑅𝑅+  is defined as: 
 



The standard canonical decomposition of system (1) 

Preliminaries 

Definition 3  [Ha,2015] 

Two triples of matrices 𝑬𝑬𝟏𝟏,𝑨𝑨𝟏𝟏,𝑩𝑩𝟏𝟏 𝒂𝒂𝒂𝒂𝒂𝒂 𝑬𝑬𝟐𝟐,𝑨𝑨𝟐𝟐,𝑩𝑩𝟐𝟐  𝒊𝒊𝒂𝒂 (𝑪𝑪𝒎𝒎,𝒂𝒂)𝟑𝟑 
are called equivalent if there exist nonsingular matrices 
𝑷𝑷 ∈ 𝑪𝑪𝒎𝒎,𝒎𝒎  and 𝑸𝑸 ∈ 𝑪𝑪𝒂𝒂,𝒂𝒂  such that: 

𝑬𝑬𝟐𝟐,𝑨𝑨𝟐𝟐,𝑩𝑩𝟐𝟐 = (𝑷𝑷𝑬𝑬𝟏𝟏𝑸𝑸,𝑷𝑷𝑨𝑨𝟏𝟏𝑸𝑸,𝑷𝑷𝑩𝑩𝟏𝟏𝑸𝑸) 
If this is the case, we write 𝑬𝑬𝟏𝟏,𝑨𝑨𝟏𝟏,𝑩𝑩𝟏𝟏  ~ 𝑬𝑬𝟐𝟐,𝑨𝑨𝟐𝟐,𝑩𝑩𝟐𝟐 . 



The standard canonical decomposition of system (1) 

Preliminaries 

Definition 4  [Podlubny,1999] 

Lemma 1  [Ha, 2018] 
Assume that an initial function 𝒙𝒙|[−𝝉𝝉,𝟎𝟎] is consistent and efficiently 
smooth. Then the FDDAEs (1) is uniquely solvable if and only if the 
matrix triple (E, A, B) is regular. 

Assume that (E,A,B) is regular ; then the zero solution y(t)=0 of 
system (1) is called  delay-independent asymptotically stable 
(exponential stability ) if for any  consistent 𝝋𝝋 (. ) ∈ ∁( −𝝉𝝉,𝟎𝟎 ,𝑹𝑹𝒂𝒂) 
its analytic solution y(t) satisfies  𝒍𝒍𝒊𝒊𝒎𝒎

𝒕𝒕→+∞
𝒚𝒚 𝒕𝒕 = 𝟎𝟎  For any delay 

paramerter 𝝉𝝉 > 𝟎𝟎. 



The standard canonical decomposition of system (1) 
Preliminaries 

Now, assume that the triple (E, A, B) is regular, then there exist two nonsingular 
matrices 𝑷𝑷,𝑸𝑸 ∈ 𝑹𝑹𝒂𝒂×𝒂𝒂, such that system (1) is  equivalent to canonical system as 
follows : 
𝑫𝑫𝒄𝒄 𝜶𝜶𝒚𝒚𝟏𝟏 𝒕𝒕 =  𝑨𝑨𝟏𝟏𝒚𝒚𝟏𝟏 𝒕𝒕 + 𝑩𝑩𝟏𝟏𝟏𝟏𝒚𝒚𝟏𝟏 𝒕𝒕 − 𝝉𝝉 + 𝑩𝑩𝟏𝟏𝟐𝟐𝒚𝒚𝟐𝟐 𝒕𝒕 − 𝝉𝝉 + 𝒇𝒇𝟏𝟏                        t ≥ 𝟎𝟎 

𝑵𝑵𝒄𝒄𝑫𝑫𝜶𝜶𝒚𝒚𝟐𝟐 𝒕𝒕 =  𝒚𝒚𝟐𝟐 𝒕𝒕 + 𝑩𝑩𝟐𝟐𝟏𝟏𝒚𝒚𝟏𝟏 𝒕𝒕 − 𝝉𝝉 +  𝑩𝑩𝟐𝟐𝟐𝟐𝒚𝒚𝟐𝟐 𝒕𝒕 − 𝝉𝝉 + 𝒇𝒇𝟐𝟐                        t ≥ 𝟎𝟎 

                   𝒚𝒚𝟏𝟏 𝒕𝒕 =  ∅𝟏𝟏 𝒕𝒕 ,   𝒚𝒚𝟐𝟐 𝒕𝒕 =  ∅𝟐𝟐 𝒕𝒕                                    -𝝉𝝉 ≤ 𝒕𝒕 ≤ 𝟎𝟎 

 where  0 <α< 1 , 𝒚𝒚𝟏𝟏 ∈ 𝑹𝑹𝒓𝒓,𝒚𝒚𝟐𝟐 ∈ 𝑹𝑹𝒂𝒂−𝒓𝒓, and N is nilpotent, whose nilpotent index 
is denoted by  v , that is, 𝑵𝑵𝒗𝒗 = 𝟎𝟎 ,𝑵𝑵𝒗𝒗−𝟏𝟏 ≠ 𝟎𝟎,  and 

 𝑷𝑷 𝑬𝑬 𝑸𝑸 = 𝑰𝑰𝒓𝒓 𝟎𝟎
𝟎𝟎 𝑵𝑵 ,𝑷𝑷 𝑨𝑨 𝑸𝑸 =  𝑨𝑨𝟏𝟏 𝟎𝟎

𝟎𝟎 𝑰𝑰𝒂𝒂−𝒓𝒓
,𝑷𝑷 𝑩𝑩 𝑸𝑸 =  𝑩𝑩𝟏𝟏𝟏𝟏 𝑩𝑩𝟏𝟏𝟐𝟐

𝑩𝑩𝟐𝟐𝟏𝟏 𝑩𝑩𝟐𝟐𝟐𝟐
, 

                                                 𝑸𝑸−𝟏𝟏𝒚𝒚 𝒕𝒕 = 𝒚𝒚𝟏𝟏 𝒕𝒕
𝒚𝒚𝟐𝟐(𝒕𝒕) ,𝑸𝑸−𝟏𝟏𝝋𝝋 𝒕𝒕 = 𝝋𝝋𝟏𝟏 𝒕𝒕

𝝋𝝋𝟐𝟐(𝒕𝒕)   



The standard canonical decomposition of system (1) 
Preliminaries 

In addition, taking the Laplace transform on both sides of system (1) yields : 

𝑺𝑺𝜶𝜶𝑬𝑬 𝕷𝕷 [ 𝐲𝐲 (𝐭𝐭) ] − 𝑺𝑺𝜶𝜶−𝟏𝟏∅ 𝟎𝟎 = 𝑨𝑨 𝕷𝕷 [ 𝐲𝐲 (𝐭𝐭) ] +  𝐁𝐁 𝕷𝕷 [ 𝐲𝐲 (𝒕𝒕 − 𝛕𝛕) ]   where  0 < α < 1. 
It follows from the properties of integral that : 

𝕷𝕷 𝐲𝐲 𝒕𝒕 − 𝝉𝝉 =  𝒆𝒆−𝒔𝒔𝝉𝝉𝕷𝕷 𝐲𝐲 𝒕𝒕 +  𝒆𝒆−𝒔𝒔𝝉𝝉 �𝒆𝒆−𝒔𝒔𝒕𝒕
𝟎𝟎

−𝝉𝝉

∅ 𝒕𝒕 𝒂𝒂𝒕𝒕 

Thus, we obtain: 𝑺𝑺𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉 𝕷𝕷 𝐲𝐲 𝒕𝒕 =  𝑺𝑺𝜶𝜶−𝟏𝟏∅ 𝟎𝟎 + 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉 ∫ 𝒆𝒆−𝒔𝒔𝒕𝒕∅(𝒕𝒕)𝟎𝟎
−𝝉𝝉  

where 
𝑸𝑸 𝒔𝒔, 𝝉𝝉 = 𝒂𝒂𝒆𝒆𝒕𝒕  [𝑺𝑺𝜶𝜶 𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉] 

Is the characteristic polynomial of system (1). 



Stability Criteria 

In this section we derive the sufficient conditions of the delay- 
independently exponential stability of system (1). We need to 
extend the regularity concept of the matrix pair (E, A) to the 
matrix triple (E, A, B)  

 Spectrum-based stability analysis 
 
 

Definition  5   
Consider the FDDAE (1). The matrix triple (E, A, B) is called regular if 
for any given  matrices E, A, B ∈ 𝑹𝑹𝒂𝒂,𝒂𝒂 : det (𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩) is not 
identically zero, where 𝒔𝒔 ∈ 𝑪𝑪. 



Stability Criteria 

 Spectrum-based stability analysis 
 
 Lemma 2   
If all the roots of characteristic equation  

 𝑸𝑸 𝒔𝒔, 𝝉𝝉 = 𝒂𝒂𝒆𝒆𝒕𝒕 (𝒔𝒔)𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉) = 𝟎𝟎  
 Lie in the open left-half complex plane and are uniformly 
bounded away from the imaginary axis, then the zero solution of 
system (1) is delay-independent globally asymptotically stable. 
  



Stability Criteria 

 Spectrum-based stability analysis 
 
 
Lemma 3   
  Suppose that : 

𝑪𝑪𝟏𝟏    𝐚𝐚𝐚𝐚𝐚𝐚 (𝝈𝝈(𝑬𝑬,𝑨𝑨,𝑩𝑩)) >
𝜶𝜶𝜶𝜶
𝟐𝟐

       

𝑪𝑪𝟐𝟐   𝒔𝒔𝒔𝒔𝒔𝒔
𝑹𝑹𝒆𝒆 𝒔𝒔 =𝟎𝟎

𝝆𝝆( 𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏 𝑩𝑩(𝒆𝒆−𝒔𝒔𝝉𝝉 − 𝟏𝟏)) <
𝟏𝟏
𝟐𝟐

    

Then :  

(𝑪𝑪𝟐𝟐)�  𝑸𝑸 𝒔𝒔, 𝝉𝝉 = 𝒂𝒂𝒆𝒆𝒕𝒕 𝒔𝒔𝜶𝜶𝑬𝑬 − (𝑨𝑨 + 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉) ≠ 𝟎𝟎    𝒇𝒇𝒇𝒇𝒓𝒓 𝒂𝒂𝒍𝒍𝒍𝒍  𝒔𝒔 ∈ 𝑪𝑪  such 
that  Re(s)=0 . 𝒆𝒆−𝒔𝒔𝝉𝝉 = 𝟏𝟏. 



Stability Criteria 
 Spectrum-based stability analysis 
 
 

Sketch of proof of Lemma 3   
  Note that    arg (𝜎𝜎(𝐸𝐸,𝐴𝐴,𝐵𝐵)) > 𝛼𝛼𝛼𝛼

2
  ; then all the roots of equation  det(𝜆𝜆𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵)=0   satisfy arg (𝜆𝜆) > 𝛼𝛼𝛼𝛼

2
 . 

Let  𝑠𝑠𝛼𝛼 = 𝜆𝜆 , then all the roots of equation   det(𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵) = 0 satisfy arg (𝑠𝑠) > 𝛼𝛼
2

  that is 𝑅𝑅𝑅𝑅 𝑠𝑠 < 0. 

Therfore, A+B is invertible and 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1  is well defined where arg (𝜎𝜎(𝐸𝐸,𝐴𝐴,𝐵𝐵)) > 𝛼𝛼𝛼𝛼
2

  and 𝑅𝑅𝑅𝑅 𝑠𝑠 ≥ 0. 

For 𝑅𝑅𝑅𝑅 𝑠𝑠 ≥ 0 it follows from the charectrestic polynomial of system(1) that: 

𝑄𝑄 𝑠𝑠, 𝜏𝜏 = 𝑎𝑎𝑅𝑅𝑡𝑡 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠)  

              = det 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵  𝑎𝑎𝑅𝑅𝑡𝑡 𝐼𝐼 − 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1 𝐵𝐵 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1                                           (2) 

              = 𝑎𝑎𝑅𝑅𝑡𝑡 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 × ∏ (1 − 𝜆𝜆𝑗𝑗 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1 𝐵𝐵 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 )𝑛𝑛
𝑗𝑗=1  

Then we have : 

𝜆𝜆𝑗𝑗 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1 𝐵𝐵 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 ≤ 𝜌𝜌( 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1 𝐵𝐵) 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 < 1
2
                        (3) 

(have 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 −1 = −1
2

+ 𝑖𝑖 sin 𝑠𝑠𝑠𝑠
2(1−cos 𝑠𝑠𝑠𝑠)

 ≠ 0  and 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 −1 ≥ 1
2
  ) 

Combining (2) and (3) we have: 𝑄𝑄 𝑠𝑠, 𝜏𝜏 ≠ 0    𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎  𝑠𝑠 ∈ 𝐶𝐶  . 



Stability Criteria 

 Spectrum-based stability analysis 
 
 

Theorem 1   
  Suppose that the triple (E, A, B) is regular of index 1 and that : 

𝑪𝑪𝟏𝟏    𝐚𝐚𝐚𝐚𝐚𝐚 (𝝈𝝈(𝑬𝑬,𝑨𝑨,𝑩𝑩)) >
𝜶𝜶𝜶𝜶
𝟐𝟐

       

𝑪𝑪𝟐𝟐   𝒔𝒔𝒔𝒔𝒔𝒔
𝑹𝑹𝒆𝒆 𝒔𝒔 =𝟎𝟎

𝝆𝝆( 𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏 𝑩𝑩(𝒆𝒆−𝒔𝒔𝝉𝝉 − 𝟏𝟏)) <
𝟏𝟏
𝟐𝟐

    

Or   (𝑪𝑪𝟐𝟐)�  𝑸𝑸 𝒔𝒔, 𝝉𝝉 = 𝒂𝒂𝒆𝒆𝒕𝒕 𝒔𝒔𝜶𝜶𝑬𝑬 − (𝑨𝑨 + 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉) ≠ 𝟎𝟎    𝒇𝒇𝒇𝒇𝒓𝒓 𝒂𝒂𝒍𝒍𝒍𝒍  𝒔𝒔
∈ 𝑪𝑪  such that  Re(s)=0 . 𝒆𝒆−𝒔𝒔𝝉𝝉 = 𝟏𝟏. 
Then the DDAE(1) is exponential stable for all values of the delay 
𝝉𝝉, i.e. the exponential stability of (1) is delay – independent. 



Stability Criteria 

 Spectrum-based stability analysis 
 
 

Theorem 2   
  Assume that the triple (E,A,B) is regular,  and  ind(E, A,B) = 1, then 
system (1) is delay- independently exponential stability if: 

𝑪𝑪𝟏𝟏    𝐚𝐚𝐚𝐚𝐚𝐚 (𝝈𝝈(𝑬𝑬,𝑨𝑨,𝑩𝑩)) >
𝜶𝜶𝜶𝜶
𝟐𝟐

       

𝑪𝑪𝟐𝟐   𝒔𝒔𝒔𝒔𝒔𝒔
𝑹𝑹𝒆𝒆 𝒔𝒔 =𝟎𝟎

𝝆𝝆( 𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏 𝑩𝑩(𝒆𝒆−𝒔𝒔𝝉𝝉 − 𝟏𝟏)) <
𝟏𝟏
𝟐𝟐

    

or (𝑺𝑺𝟐𝟐)�   𝐟𝐟𝐟𝐟𝐚𝐚 𝐚𝐚𝐚𝐚𝐲𝐲  𝐬𝐬 ∈ 𝐂𝐂, 𝐑𝐑 𝒔𝒔 = 𝟎𝟎  𝒘𝒘𝒆𝒆 𝒉𝒉𝒂𝒂𝒗𝒗𝒆𝒆 

  𝝈𝝈( 𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏 𝑩𝑩−
𝟏𝟏
𝟐𝟐
𝑰𝑰) ∈  𝑪𝑪− 

  



Stability Criteria 
 Spectrum-based stability analysis 
 
 

Sketch of proof of Theorem 2   
  From theorem 1 , it is only need to prove (𝑆𝑆2)� ≅  (𝐶𝐶2)� . 

Suppose (𝑆𝑆2)�  is satisfied, but (𝐶𝐶2)�  does not hold; then for any  𝑠𝑠 ∈ 𝐶𝐶, 𝜏𝜏 ∈ 𝑅𝑅+ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑅𝑅𝑅𝑅 𝑠𝑠 = 0 we have: 

           𝑄𝑄 𝑠𝑠, 𝜏𝜏 = det [𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠] = det 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 det{I − 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1𝐵𝐵 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 } = 0                                                   

Since (𝑆𝑆2)�  satisfied , This implies the matrix (𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵) is nonsingular, then we have  det 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 ≠ 0   

Therefore,    det{I − 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1𝐵𝐵 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 } = 0   . 

∀  𝑠𝑠𝜏𝜏 ≠ 2𝑎𝑎𝑛𝑛 ,𝑎𝑎 ∈ 𝑍𝑍, 𝜏𝜏 > 0 we have 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 −1 = −1
2

+ 𝑖𝑖 sin 𝑠𝑠𝑠𝑠
2(1−cos 𝑠𝑠𝑠𝑠)

 ≠ 0  and 𝑅𝑅−𝑠𝑠𝑠𝑠 − 1 −1 ≥ 1
2
   

Therefore, det 1
𝑒𝑒−𝑠𝑠𝑠𝑠−1

 I − 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1𝐵𝐵 − 1
2
𝐼𝐼 = 0 

So that     ∃ 𝜆𝜆 ∈ 𝜎𝜎 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1𝐵𝐵 − 1
2
𝐼𝐼  , 𝜆𝜆 ≠ 0  which implies 

  𝑅𝑅𝑅𝑅 𝜆𝜆( 𝑠𝑠𝛼𝛼𝐸𝐸 − 𝐴𝐴 − 𝐵𝐵 −1𝐵𝐵 − 1
2
𝐼𝐼) ≥ 0             ∀ 𝑠𝑠 ∈ 𝐶𝐶   

Which is contradicts (𝑆𝑆2)� . ⇒ System (1) is exponential stability (by Theoem 1). 



Stability Criteria 
 Spectrum-based stability analysis 
 
 

An Illustrative Example: 

Consider the Caputo fractional-order delay differential algebraic equations: 

                                             𝑫𝑫𝟏𝟏 𝟑𝟑⁄ 𝒚𝒚𝟏𝟏 𝒕𝒕 = −𝒚𝒚𝟏𝟏 𝒕𝒕 + 𝒚𝒚𝟐𝟐 𝒕𝒕 − 𝟏𝟏                                             (4) 

                                                             𝟎𝟎 = −𝒚𝒚𝟐𝟐(𝒕𝒕). 

Then we have 𝑬𝑬 = 𝟏𝟏      𝟎𝟎
𝟎𝟎      𝟎𝟎    ,   𝑨𝑨 =  −𝟏𝟏        𝟎𝟎

   𝟎𝟎      − 𝟏𝟏    ,    𝑩𝑩 = 𝟎𝟎           𝟏𝟏
 𝟎𝟎           𝟎𝟎  

We have     𝝈𝝈 𝑬𝑬,𝑨𝑨,𝑩𝑩 ∈ 𝑪𝑪−  and   

𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏𝑩𝑩 −
𝟏𝟏
𝟐𝟐
𝑰𝑰 = 𝟎𝟎                 

𝟏𝟏
−𝟏𝟏 − 𝒔𝒔𝟏𝟏 𝟑𝟑⁄

  𝟎𝟎                             𝟎𝟎             
−

𝟏𝟏
𝟐𝟐

             𝟎𝟎

𝟎𝟎            
𝟏𝟏
𝟐𝟐

 

  



Stability Criteria 
 Spectrum-based stability analysis 
 
 

                                                                           =  
−𝟏𝟏

𝟐𝟐
                             𝟏𝟏

−𝟏𝟏−𝒔𝒔𝟏𝟏 𝟑𝟑⁄

  𝟎𝟎                               −  𝟏𝟏
𝟐𝟐
          

 

From the equation    𝒂𝒂𝒆𝒆𝒕𝒕 𝝀𝝀𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 = 𝟎𝟎  we have 𝐚𝐚𝐚𝐚𝐚𝐚 (𝝀𝝀) = 𝜶𝜶 > 𝜶𝜶𝜶𝜶
𝟐𝟐

 . 

Moreover,        𝒂𝒂𝒆𝒆𝒕𝒕 𝝀𝝀𝑰𝑰 − ( 𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏𝑩𝑩 − 𝟏𝟏
𝟐𝟐
𝑰𝑰) = 𝟎𝟎   ⇒   (𝝀𝝀 + 𝟏𝟏

𝟐𝟐
) 𝟐𝟐= 𝟎𝟎 

So that  𝑹𝑹𝒆𝒆( 𝒔𝒔𝜶𝜶𝑬𝑬 − 𝑨𝑨 − 𝑩𝑩 −𝟏𝟏𝑩𝑩 − 𝟏𝟏
𝟐𝟐
𝑰𝑰 ) < 𝟎𝟎. Thus  conditions 𝑪𝑪𝟏𝟏   and (𝑺𝑺𝟐𝟐)�  

are satisfied.  
By theorem 2, the system (4) is delay independently asymptotically stable. 
  
 

  



Stability Criteria 

 Delay – independent asymptotic stability 
 For a complex matrix W, let 𝝁𝝁 𝑾𝑾  be the logarithmic norm of W: 

                                      𝝁𝝁 𝑾𝑾 = 𝒍𝒍𝒊𝒊𝒎𝒎
∆→𝟎𝟎+

𝑰𝑰+∆𝑾𝑾 −𝟏𝟏
∆

  .  

𝝁𝝁 𝑾𝑾  depends on the chosen matrix norm. Let 𝑾𝑾  denote the 
matrix norm of W subordinate to a certain vector norm. In order 
to specify the norm, the notation .  is used and the notation 
𝝁𝝁(. ) is also adopted to denote the logarithmic norm associated 
with . . 



Stability Criteria 
 Delay – independent asymptotic stability 
 Lemma 4 [Sun and Cong, 2015] 

For each eigenvalue of a matrix W∈ 𝑪𝑪𝒂𝒂×𝒂𝒂, the inequality  

−𝝁𝝁𝒔𝒔 −𝑾𝑾 ≤ 𝑹𝑹𝒆𝒆λ𝒊𝒊(𝑾𝑾) ≤ 𝝁𝝁𝒔𝒔 𝑾𝑾  

Holds. 
Lemma 5 [Sun and Cong, 2015] 
Let U, V be 𝒂𝒂 × 𝒌𝒌 rectangular matrices with k≤ 𝒂𝒂, and let D  be an 𝒂𝒂 × 𝒂𝒂 
matrix; then  

                                                  𝑻𝑻 = 𝑰𝑰 + 𝑽𝑽𝑻𝑻𝑫𝑫−𝟏𝟏𝑼𝑼 

Is nonsingular if and only if 𝑫𝑫 + 𝑼𝑼𝑽𝑽𝑻𝑻 is nonsingular. In this case, one has  

(𝑫𝑫 + 𝑼𝑼𝑽𝑽𝑻𝑻)−𝟏𝟏 = 𝑫𝑫−𝟏𝟏 − 𝑫𝑫−𝟏𝟏𝑼𝑼𝑻𝑻−𝟏𝟏𝑽𝑽𝑻𝑻𝑫𝑫−𝟏𝟏 



Stability Criteria 
 Delay – independent asymptotic stability 
 
Lemma 6 [Sun and Cong, 2015]  
 Let .  be a norm defined on 𝑪𝑪𝒂𝒂×𝒂𝒂  𝒘𝒘𝒊𝒊𝒕𝒕𝒉𝒉   𝑰𝑰 = 𝟏𝟏  and  
𝑫𝑫 ∈ 𝑪𝑪𝒂𝒂×𝒂𝒂 satisfy  𝑫𝑫 < 𝟏𝟏 . Then I-D is nonsingular and 

satisfies (𝑰𝑰 − 𝑫𝑫)−𝟏𝟏 ≤ 𝟏𝟏
𝟏𝟏− 𝑫𝑫

  . 

  
    The following is a sufficient condition for the stability of (1): 
 



Stability Criteria 
 Delay – independent asymptotic stability 
 Theorem 3 

Let 𝑨𝑨−𝟏𝟏 . 𝑩𝑩 < 𝟏𝟏.  Suppose that the triple (E, A, B) is regular of index 1 
and that : 

𝑪𝑪𝟏𝟏    𝐚𝐚𝐚𝐚𝐚𝐚 (𝝈𝝈(𝑬𝑬,𝑨𝑨,𝑩𝑩)) >
𝜶𝜶𝜶𝜶
𝟐𝟐

       

(𝑪𝑪𝟐𝟐)�  𝑸𝑸 𝒔𝒔, 𝝉𝝉 = 𝒂𝒂𝒆𝒆𝒕𝒕 𝒔𝒔𝜶𝜶𝑬𝑬 − (𝑨𝑨 + 𝑩𝑩𝒆𝒆−𝒔𝒔𝝉𝝉) ≠ 𝟎𝟎    𝒇𝒇𝒇𝒇𝒓𝒓 𝒂𝒂𝒍𝒍𝒍𝒍  𝒔𝒔 ∈ 𝑪𝑪  such that  
Re(s)=0 . 𝒆𝒆−𝒔𝒔𝝉𝝉 = 𝟏𝟏. 

𝒇𝒇𝒓𝒓 𝑪𝑪𝟑𝟑    𝐭𝐭𝐭𝐭𝐭𝐭 𝐜𝐜𝐟𝐟𝐚𝐚𝐜𝐜𝐜𝐜𝐭𝐭𝐜𝐜𝐟𝐟𝐚𝐚  𝝁𝝁 𝑬𝑬𝑨𝑨−𝟏𝟏 + 𝑬𝑬 𝑨𝑨−𝟏𝟏
𝟐𝟐
𝑩𝑩

𝟏𝟏− 𝑨𝑨−𝟏𝟏 𝑩𝑩
< 𝟎𝟎   Holdes ;       

Then system (1) is asymptotically stable. 



Stability Criteria 
 Delay – independent asymptotic stability 
 

Sketch of proof of Theorem 3 
 
From theorem 1 , it is only need to prove (𝐶𝐶3) ≅  (𝐶𝐶2)� . 

Suppose (𝐶𝐶3) is satisfied, but (𝐶𝐶2)�  does not hold; then for any  𝑠𝑠 ∈ 𝐶𝐶, 𝜏𝜏 ∈ 𝑅𝑅+ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑅𝑅𝑅𝑅 𝑠𝑠 = 0 we have:  

𝑄𝑄 𝑠𝑠, 𝜏𝜏 = det 𝑠𝑠𝛼𝛼𝐸𝐸 − (𝐴𝐴 + 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠 ) = det
1
𝑠𝑠𝛼𝛼
𝐼𝐼 − 𝐸𝐸(𝐴𝐴 + 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠)−1 = 0 

Since 𝐴𝐴−1 . 𝐵𝐵 < 1 , then the matrix (𝐴𝐴 + 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠) is nonsingular. There is a characteristic root with positive 
real part. Note that the characteristic root is an eigenvalue of the matrix −𝐸𝐸(𝐴𝐴 + 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠)−1. 

By lemma 4, we have the following inequalities  0 ≤ 𝑅𝑅𝑅𝑅(𝝀𝝀) ≤ 𝜇𝜇 −𝐸𝐸(𝐴𝐴 + 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠)−1  
Applying the properties of the logarithmic norm and lemmas 5 and 6, we have: 

                      0 ≤ 𝜇𝜇 −𝐸𝐸 𝐴𝐴 + 𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠 −1 = 𝜇𝜇[−𝐸𝐸 𝐴𝐴−1 − 𝐴𝐴−1𝐵𝐵 𝐼𝐼 + 𝐴𝐴−1𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠 −1𝑅𝑅−𝑠𝑠𝑠𝑠𝐴𝐴−1 ] 

                                                                      = 𝜇𝜇[−𝐸𝐸𝐴𝐴−1 + 𝐸𝐸𝐴𝐴−1𝐵𝐵 𝐼𝐼 + 𝐴𝐴−1𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠 −1𝑅𝑅−𝑠𝑠𝑠𝑠𝐴𝐴−1 ] 

                                                                      ≤ 𝜇𝜇 −𝐸𝐸𝐴𝐴−1 + 𝐸𝐸 ‖𝐴𝐴−1 ‖2 𝐵𝐵 𝐼𝐼 + 𝐴𝐴−1𝐵𝐵𝑅𝑅−𝑠𝑠𝑠𝑠 −1  

So that   0 ≤ 𝜇𝜇 −𝐸𝐸𝐴𝐴−1 + 𝐸𝐸 ‖𝐴𝐴−1 ‖2 𝐵𝐵
1− 𝐴𝐴−1 𝐵𝐵

  his however contradicts the condition; hence the proof is completed 

and hence system (1) is a symptotically stable. 



Conclusions 

In this work we give criteria for the delay independent 
asymptotic stability of linear delay differential – algebraic 
system (1). In Theorem 1 and 2  some sufficient conditions 
are derived ,in term of the algebraic approach and 
spectrum-based , to ensure the asymptotic stability of this 
system. An illustrative example is also considered to 
illustrate the effectiveness of the theoretical results. While 
Theorem 3 show that it is sufficient to check certain 
conditions on the boundary to show the sufficient 
condition for asymptotic stability for system (1). 
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