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Sectorially stable Runge-Kutta time discretizations
of homogeneous, linear, abstract parabolic Volterra
equations: the numerical solution in terms of the
continuous one
César Palencia1
An A(θ)-stable Runge-Kutta (RK) method induces, via the so called Lubich’s convolution quadrature, an interesting time-discretization (RKCQ discretization) procedure for well-posed, homogeneous, linear, abstract Volterra equations in the format
Z t
u(t) = u0 +
A(t − s)u(s)ds, t > 0,
(1)
0

where A(t) : D ⊂ X → X, t ≥ 0, is a locally integrable family of linear and bounded
operators in a complex Banach space X and u0 ∈ X is a given initial data. Of course,
the considered stability angle θ must be appropriate and it is restricted by the angle
of the sector where the resolvent of (1) is defined.
In the talk, after a brief introduction to the RKCQ discretization approach to
(1), it is shown that the numerical approximation un to the value u(tn ), tn = n∆t,
n ≥ 0, admits an integral representation, with a weight which solely depends on
the considered RK-method, in terms of the Laplace transform of the solution u(t).
This representation is the tool for the analysis of the basic stability and convergence
estimates in the parabolic situation, which turn out to be similar to the ones arising
in the context of IVPs. Some numerical examples dealing with transparent boundary
conditions and fractional equations are also presented.
Keywords: Volterra, Runge-Kutta, convolution quadrature, parabolic, stability,
error, bad initial data, transparent boundary conditions.
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A review of fractional models in image processing
Eduardo Cuesta1
A pioneer work [1] introduced the fractional calculus in image processing as a
generalization of classical linear PDEs based models. In fact, the model proposed in
[1] can be written in integral form as
u(x, t) = u0 (x) + ∂t−α ∆u(x, t),

0 < t ≤ T,

x ∈ Ω,

(1)

where ∂t−α stands for the fractional integral in time of order 1 < α < 2, ∆ is the
two–dimensional Laplacian, u0 (x) is the original image (initial data), Ω is typically
a square domain, and u(x, t) is understood as the original image evolved in time up
to time t. This approach made use of fractional integrals in the sense of Riemann–
Liouville, recall
Z t
(t − s)α−1
g(s) ds
t ≥ 0,
∂t−α g(t) =
Γ(α)
0
for α > 0. As in the classical framework the time variable plays the role of a space–
scale parameter, i.e. t helps to handle the diffusion on u(x, t).
Several improvements of (1) can be found in the literature, we just mention some of
our latest works. In particular in [2] a pixel–by–pixel technique is proposed, within the
framework of fractional evolutionary models, whose formulation can be the following
u(t) = u0 + ∂t−α ∆τ u(t),

0 < t ≤ T,

(2)

where u(t) is a column vector representing the processed vector arranged discrete
image at time level t, u0 is the discrete original image vector arranged as well, and
∆τ is a convenient discretization of the Laplacian, or in general a convenient non local
spatial discrete operator.
A generalization of (2),
u(t) = u0 + (K ∗ u)(t),

0 < t ≤ T,

(3)

where K is a convenient spatial discrete convolution kernel, has been further proposed
in [3]. In that work space–scale properties of (3) have been proved, and computational
facts related to the implementation and the criteria for the kernel choice has been also
discussed. In that case medical images have served as experiments bank to check the
validity of these models.
Among of the interest of fractional models in image filtering and restoration, these
models have proved extremely useful in other fields of science and engineering as for
example in satellite image classification, in fact to classify wildfire affected areas [4]
as a pre–classifying stage.
Further works in this context are in progress at present, some of them related to the
optimal choice of the kernel K according the features of the images, the generalization
of (3) to non linear and non local models, the establishment of criteria to set the final
time T , or the application of these models in other fields of science and engineering.

Keywords: Fractional integrals, image processing, non local PDEs.
Mathematics Subject Classification 2010: 45D05, 26A33.
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Fractional versions of some ideas from
S. N. Bernstein
Jorge Losada1
Sergei Natanovich Bernstein (Odessa, 1880 Moscow, 1968) was a Russian and
Soviet mathematician of Jewish origin and is especially well known for his many
founding contributions to what is now called Approximation Theory. A pioneer in
the axiomatisation of Probability Theory, he was also the first mathematician to solve
one of the twenty three problems posed by D. Hilbert in 1900; specifically, problem
number 19: on analytic solutions to problems in the calculus of variations.
Although it is possible that Bernstein has not yet received the recognition he
deserves, numerous mathematical concepts and results today bear his name. Thus,
it is now common to speak of Bersntein polynomials (in Approximation Theory),
Bernstein inequalities (in Analysis and Probability) and many theorems named after
him. Some of these results involve the sign of the successive derivatives of a given C ∞
function.
For example, we say a C ∞ (0, +∞) function f : (0, +∞) −→ R is completely
monotonic if
(−1)n f (n) (t) ≥ 0

for all n ∈ N ∪ {0} and for all t > 0,

where f (n) denotes the n-th derivative of the function f . Similarly, we may introduce the concepts of absolutely monotonic function, regularly monotonic function or
Bernstein function. One of Bernstein’s most famous theorems gives a characterization
of the set of all completely monotonic functions and here is where the exponential
function plays a fundamental role.
In this talk, using non-integer order operators, we will establish similar definitions
to the one given above; then, we will study some fractional versions of problems
already solved by S. N. Bernstein for the integer order case.
Keywords:

Bernstein, Mittag-Leffler, completely monotone function.
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Stochastic solutions with Gaussian stationary
increments for fractional diffusion equations
Gianni Pagnini
Stochastic solutions are meant those stochastic processes whose one-point one-time
probability density functions (PDFs) are the solutions of the considered equations.
The stochastic solutions with Gaussian stationary increments for fractional diffusion
equations are derived. They are provided through a method based on the identity
between the two PDFs resulting from (i) the integral representation of the Green
functions of the considered equations and from (ii) the product of two independent
random variables. Then the desired stochastic solutions are established by the product
of a fractional Brownian motion (fBm) and a random wideness scale given by a positive
independent random variable distributed according to an opportune PDF [1]. The
resulting stochastic processes belong to the parametric class named generalized grey
Brownian motion [2] and they are self-similar with stationary increments and uniquely
defined by the mean and the covariance structure of the fBm. By the selection of the
PDF of the random wideness scale, the stochastic solutions for the time-, space-,
space-time and Erdélyi–Kober fractional diffusion equations [3] are obtained.
Keywords: Fractional diffusion, stochastic solution, Gaussian processes, fractional
Brownian motion, self-similar stochastic processes, stationary increments.
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Fractional discrete Laplacian
Luz Roncal1 ,
Equations involving fractional powers of Laplacians have been thoroughly studied
in the last few years. The language of semigroups has been shown to be a very
useful tool that enables one to define the fractional Laplacian and to solve different
associated problems.
Let h > 0, we consider the discrete Laplacian on a mesh Zh = hZ, given by
−∆h u(hj) = −


1
u(h(j + 1)) − 2u(hj) + u(h(j − 1)) .
2
h

By using semigroup theory, we are able to define and analyze the fractional powers
(−∆h )s on Zh , for 0 < s < 1. In particular, we provide a pointwise formula with
explicit kernel, obtain the maximum principle for the fractional discrete Laplacian,
and deduce Hölder estimates. We compare our fractional discrete Laplacian to the
discretized continuous fractional Laplacian as h → 0, getting estimates in `∞ for the
error of the approximation, under minimal regularity assumptions. Finally, we also
show a connection between a parabolic equation involving (−∆h )s and an equation
describing superdiffusion.
Keywords: Fractional discrete Laplacian; semidiscrete heat equation; error of discrete approximation; superdiffusion; modified Bessel functions
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Katznelson-Tzafriri type theorem for (C, α)-Cesàro
bounded operators
Luciano Abadias1 ,
We extend the well-known Katznelson-Tzafriri theorem, originally posed for powerbounded operators ([1]), to the case of (C, α)-Cesàro bounded operators of any order
α > 0. For this purpose, we introduce a new class of regular fractional Wiener algebras where the functional calculus defined by (C, α)-Cesàro bounded operators works.
Finally, we apply this result to get a ergodicity result for the orbits of fractional sums
of such operators.
Keywords: Cesàro bounded; functional calculus; convolution algebras; spectral
synthesis; Weyl differences
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Degenerate k-regularized (C1 , C2 )-existence and
uniqueness families
Marko Kostić1
The main purpose of this talk is for the speaker to present how the techniques
established in joint papers with C.-G. Li and M. Li ([1]-[2]) can be successfully applied
in the analysis of a wide class of abstract degenerate multi-term fractional differential
equations involving Caputo derivatives or Riemann-Liouville derivatives. We introduce and further analyze various classes of degenerate k-regularized (C1 , C2 )-existence
and uniqueness families ([3]-[5]).
Keywords: Abstract degenerate multi-term fractional differential equations, Caputo time-fractional derivatives, Riemann-Liouville time-fractional derivatives, degenerate k-regularized (C1 , C2 )-existence and uniqueness families.
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[5] Fedorov, V., Kostić, M., Ponce, R. Abstract degenerate Volterra integrodifferential equations: linear theory and applications. Book-Manuscript.

1

University of Novi Sad
Faculty of Technical Sciences
Trg Dositeja Obradovića 6
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Algunos aspectos de las ecuaciones diferenciales
fraccionarias
Juan J. Nieto1
Las derivadas e integrales de orden no entero, a pesar de ser una idea clásica, no
se han desarrollado en plenitud debido a diversos factores.
Recientemente ha resurgido el interés por el cálculo fraccionario y en particular por
el estudio de ecuaciones en las que aparecen derivadas fraccionarias. Todo ello tanto
desde el punto de vista teórico como de las aplicaciones y la modelizacin matemática.
Se trata de dar algunas ideas generales sobre el pasado, presente y futuro de las
ecuaciones diferenciales de orden no entero.
Se presentaran algunos resultados para ecuaciones de reacción–difusión o la relación
entre las soluciones de una sencilla ecuación diferencial de orden no entero y la distribución de los números primos.
Keywords: Derivadas fraccionarias, Funciones de Mittag-Leffler, Ecuaciones diferenciales de orden fraccionario.
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SMALL ROBOTS IN MEDICINE: A
CHALLENGING APPLICATION FOR
FRACTIONAL CALCULUS
Blas M. Vinagre1 ,
The field of micro and nanorobotics has experienced tremendous advances in recent
years. The physical principles governing the dynamics of such submillimeter scale
robots, and the methods for their propulsion and steering, rely on the understanding
of both the dynamics of the so called brownian motors and the environment in which
they move. Although the simplest models to study the dynamics of these Brownian
motors use the inertial Langevin equation, due to its viscoelastic and non-newtonian
environment, the fractional calculus can provide tools for a more comprehensive view
of the behavior and performance of these machines. The aim of this talk is, after
giving an overview of the accumulated experience on fractional calculus applications
in modeling, control and robotics, to present some perspectives on the use of fractional
operators for modeling and control of brownian motors and small robots for medical
applications.
Keywords:
lus.
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Fractional Nonlinear Diffusion
Juan Luis Vázquez1 ,
In this talk I will report on some of the progress made by the author and collaborators on the topic of nonlinear diffusion equations involving long distance interactions
in the form of fractional Laplacian operators. The nonlinearities are of the following
types: porous medium, fast diffusion or p-Laplacian.
Keywords:

Nonlinear diffusion; fractional operators
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Fractional Nonlinear Degenerate Diffusion
Equations on Bounded Domains
Matteo Bonforte1
We investigate quantitative properties of nonnegative solutions u(t, x) ≥ 0 to the
nonlinear fractional diffusion equation, ∂t u + LF (u) = 0 posed in a bounded domain,
x ∈ Ω ⊂ RN , with appropriate homogeneous Dirichlet boundary conditions. As L we
can use a quite general class of linear operators that includes the two most common
versions of the fractional Laplacian (−∆)s , 0 < s < 1, in a bounded domain with zero
Dirichlet boundary conditions, but it also includes many other examples since our
theory only needs some basic properties that are typical of “linear heat semigroups”.
The nonlinearity F is assumed to be increasing and is allowed to be degenerate, the
prototype is the power case F (u) = |u|m−1 u, with m > 1 .
In this talk we propose a suitable class of solutions of the equation, and cover the
basic theory: we prove existence, uniqueness of such solutions, and we establish upper
bounds of two forms (absolute bounds and smoothing effects), as well as weighted-L1
estimates. The class of solutions is very well suited for that work. The standard
Laplacian case s = 1 is included and the linear case m = 1 can be recovered in the
limit. We refer to [2] and to [1] for the case F (u) = |u|m−1 u.
We will also present the study of more advanced estimates, like the sharp upper
and lower boundary behaviour and various forms of Harnack inequalities, see [1, 4].
When the nonlinearity is of the form F (u) = |u|m−1 u, with m > 1, such global
Harnack estimates are the key tool to understand the sharp asymptotic behaviour of
the solutions studied in [3].
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