• Nonlocal phenomena in space /
time. Applications

NONLOCALITY:
IN SPACE : Long Range Interactions (Many Space Scales)
IN TIME : Effects with Memory / Delay (Many Time Scales)
INTEGRODIFFERENTIAL // INTEGRAL EQUATIONS

Scenarios of Integral Equations

•

•
•
•

•
•
•
•
•

Potential Theory: Newton’s inverse square law of gravitational
attraction and Coulomb’s law in electromagnetism.
Problems in Geophysics: Three dimensional map of Earth’s interior.
Gravimetric methods.
Problems in Electricity and Magnetism.
Hereditary Phenomena in Physics (materials with memory;
hysteresis) and Biology (ecological processes: accumulation of
metals).
Problems in Population Growth and Industrial Replacement.
Radiation Problems.
Optimization, Automatic Control Systems.
Communication Theory.
Mathematical Economics.

– R.T. Baillie and M.L. King (Eds. 1996) “Fractional Differencing and
Long Memory Processes”. J. Econometrics 73, 1-324.

WAVES + FRACTALS  FRACTIONAL CALCULUS (1)

• XIX Century: James Clerk Maxwell and Lor Rayleigh
studied the interaction of electromagnetic waves with
Euclidean regular structures (cilinders, spheres,…).
• There are either nonregular artificial structures or from
Nature that show many lenght scales and they are no
suitable to be studied in the Euclidean context:
• Nonregular surfaces, disordered media, structures
with specific properties of scattering,..etc.
• Relation between the geometrical parameters
(structure descriptors) and the physical quantities
that characterize electromagnetically the system.
• Tecnology: New space and time scales.

WAVES + FRACTALS  FRACTIONAL CALCULUS (2)
•

Geometrical Optics:
• Wave length λ<<<< Dimension of any change in the media.
The eikonal is not longer valid.

•

The Geometrical Optics cannot be applied in fractal media.

• Stationary eigenvalue problem:
– Wave equation in a fractal potential.
– Wave equation with fractal boundary conditions:
Ex. Lu= λ u
-L is a linear differential operator on Rn with boundary conditions
u0(x) on a non-differentiable surface but which admits the fractional
derivative Dβ with β < 1.
- If we define Φ = D β-1 u , we have the problem L Φ = λ Φ with the
boundary condition Φ0(x), being Φ differentiable
The new boundary problem is smooth!

•

•

•

•
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PHYSICAL CONTEXTS WITH THE SAME EQUATION
∂u/∂t = ∂2 u/∂x2
(*) Henry Darcy, “Les Fontaines Publiques de la Ville de Dijon” (1856)
DARCY (*)
LAW
q=-K Grad h

FOURIER
LAW
Q=-κ Grad T
Heat: Q

FICK
LAW
f=-D Grad C
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OHM
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Flux of

Groundwater
q

Potential

Head: h

Temperature
T

Concentration
C

Voltage: V

Medium
Property

K: Hydraulic
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Thermal
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Electrical
Conductivity

The idea, that physical phenomena such as
diffusion can be described by fractional
differential equations, raises at least two
fundamental questions:
(1) Are mathematical models with fractional
space and/or time derivatives consistent
with the fundamental laws and fundamental
symmetries of nature ?
(2) How can the fractional order of
differentiation be observed experimentally
or how does a fractional derivative emerge
from models without fractional derivatives?
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Classic Physics
• Diffusion Equation (Parabolic)
• ∂u/∂t = ∂2 u/∂x2
• Interpolation:
• ∂αu/∂tα= ∂2 u/∂x2
• Wave Equation (Hyperbolic)
• ∂2u/∂2t = ∂2u/∂x2
• The Interpolation: ∂αu/∂αt= ∂2 u/∂x2 is in agreement with the second law of
Thermodinamics if the condition is satisfied(*)
• [∂(α-1)u/∂(α-1)x] [∂u/∂x] > 0
(*)L. Vázquez, Juan J. Trujillo and M. Pilar Velasco “Fractional Heat
Equation and the Second Law of Thermodynamics” Fractional Calculus and
44 Applied Analysis Vol. 14, nº 3, 334-342 (2011).

RELAXATION PROCESSES:
Viscoelastic Materials
Basic phenomenological models: Combination of springs and dashpots
• Springs: Hooke´s Law σ(t) = E (t)
• Dashpots: Newton´s fluid model σ(t) =  d(t)/dt
– σ : Stress;  : Strain
– E: Elastic constant or Young´modulus; : Coefficient of viscosity

•

Constitutive equations: Maxwell model
– d/dt = σ/ + 1/E d σ/dt Stress Relaxation Modulus Φ(t) = E e –tE/ 
deformación aplicada

Between the elástic and viscous limits we have the general interpolation:

• σ(t) = E τ d(t)/dt 

Process of Standard Relaxation (Maxwell-Debye)
We can formulate it as an initial value problem
• τ dΦ(t)/dt = -Φ(t), t >0 y Φ(0) = Φ0
Solution: Φ(t) = Φ0 e –t/ τ
• Other formulationción as starting for the fractional
generalization: t
Φ(t) - Φ0 = - τ-1 0 dt´ Φ(t´) = - τ-1 d-1 Φ(t) / d t-1

• Formally
Φ(t) - Φ0 = - τ- 0Dt- Φ(t)
(d- /dt-)
Riemann-Liouville operator

Deviations from the Relaxation Classic Processs
of Maxwell-Debye
It is formulated as an initial value problem:
• Decay of Kohlrausch-Williams-Watts (KWW)
α
Φ(t) = Φ0 e – (t/ τ) with 0< α <1
• Nutting law as an asymptotic power-law:
Φ(t) = Φ0 / (1+t/τ)n with 0< n <1

-Strain relaxation in materials like steel or stone.
-Experiments: transitions between the two behavious.
-Interpolative property of the Mittag-Leffler function
Eα, =  xk / (αk + ), E1,1 = ex

Relaxation: A Problem of Memory
t

dΦ(t)/dt = 0 d K(t- ) Φ() d 
• K(t)=K0  (t)  Φ(t) = Φ0 e – K0t
• K(t) = K0 Constant Memory 
Φ(t) = Φ0 cos ( K0 t )
• K(t) = K0 tq-2 (0<q 2)

– dΦ(t)/dt = - τ-q 0Dt-q Φ(t); τ-q= K0(q-1)
– Solutions: in terms of Fox functions

• Shape Memory Alloys

EARTH to MARS
•
•
•

Introduction. The Solar Radiation and the
Atmospheric Dust.
Empirical Laws and Fractional Calculus
Modeling.

•
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Motivation for developing a RTM

Martian atmosphere is very
different
to
the
Earth
atmosphere.
It helps to characterize
radiative environment at
Martian surface.

the
the

It is necessary to maximize the
scientific
return
of
solar
radiation
measurements
on
Mars.

(W/m2)

S0
Pressure (hPa)
CO2 (%)
N2 (%)
Ar (%)
O2 (%)
H2O (%)
Amount of dust
Amount of clouds

Mars
589
6 to 9
95.32
2.7
1.6
0.13
0.02
High
Low

Earth
1367
1013
0.04
78
0.9
21
Variable
Low
High

Comparison between some parameters for Mars and Earth

Radiation has to be studied in
the same bands of the present
and future instruments that will
be sent to Mars.
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Model inputs
In order to calculate the radiative fluxes that reach the
surface, it is necessary to know:
The radiation at the top of the atmosphere (TOA)
The radiative properties of the atmosphere

Model inputs are:

Dust optical depth
Water ice clouds optical depth
Dust size distribution
Water ice particle size distribution
Abundance of each gas
Surface pressure
Local time (hour angle)
Surface albedo
Orbital position of Mars (areocentric longitude, Ls)
Latitude
Wavelength range

By modifying those parameters, a great number of
scenarios can be defined
53

The role of the atmospheric components

Spectral behavior of the scattering and absorption optical depths (subscripts s and a) of dust, water
ice clouds, and gas molecules (subscripts d, c, and g) for a “clear” scenario.Vicente-Retortillo, A. et
al. (2015). A model to calculate solar radiation fluxes on the Martian surface. Journal of Space
54
Weather and Space Climate, 5, A33, DOI: 10.1051/swsc/2015035.

Calculating the fluxes
Two methods can be used: The delta-Eddington
approximation and the Monte-Carlo method.

Delta-Eddington: Very low computing time. Suitable also
for sensitivity studies.

Monte-Carlo: Provides additional information, which
becomes necessary for some purposes.

Main advantage of using two methods: We can select the
one that best meets the requirements of the desired
information.
55

The delta-Eddington approximation

B  E  exp  /  0 
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Results: Diurnal evolution of solar fluxes

Diurnal evolution of the direct (B, blue line), diffuse (D, green line), and total (T, red line) surface solar flux for
four combinations of latitudes and dust opacities during the Northern Hemisphere winter solstice.
Vicente-Retortillo, A. et al. (2015). A model to calculate solar radiation fluxes on the Martian surface. Journal of
Space Weather and Space Climate, 5, A33, DOI: 10.1051/swsc/2015035.
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Empirical Laws and Fractional Calculus Modeling
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Introduction
Dust aerosols have a direct effect on both surface and
atmospheric heating rates, which are also basic drivers of
atmospheric dynamics.
Aerosols cause attenuation of the solar radiation traversing the
atmosphere, modeled by the Lambert-Beer-Bouguer law, where
the aerosol optical thickness is approximated by Angstrom law.
The measure of the amount of solar radiation at the Martian
surface will be useful to gain some insight into the following
issues:
1)UV irradiation levels at the bottom of the Martian atmosphere to

use them as a habitability index.
2) Incoming shortwave radiation and solar heating at the surface.
3) Relative local index of dust in the atmosphere.

Foundations of propagation of radiation in a medium
Attenuation of the radiation
The attenuation of solar radiation traversing the atmosphere is
modeled by the Lambert-Beer-Bouguer law, as it explained in
Angstrom, 1929 [1] and Cachorro et al., 1987 [2]:
The Lambert-Beer-Bouguer law establishes that the direct
solar irradiance F (λ) at the Mars’s surface at wavelength λ is
given by
F (λ) = DF0(λ)e−τ (λ)m, (1)
where F0(λ) is the spectral irradiance at the top of the atmosphere, m is the absolute air mass, D is the correction factor for
the earth-sun distance, and τ (λ) is the total optical thickness at
wavelength λ.

Foundations of propagation of radiation in a medium
Relevance of the aerosol optical thickness
The total optical thickness is the sum of:

the molecular scattering optical thickness τr (λ),
the absorption optical thickness for atmospheric gases (O2, O3, H2O,
CO2...) τg (λ),
and the aerosol optical thickness τa(λ), obtained by solar spectral
irradiance measurements through Angstrom Law:
τa(λ) can be approximated over a limited wavelength range:
τa−1 = λα
β

(2)

α is related to the size distribution of the scattering particles,
β is the extinction coefficient for 1 µm wavelength, which
depends on the concentration of aerosols in the atmosphere.

Foundations of propagation of radiation in a medium
For the Martian solar irradiance, simulations of radiative
transfer have been obtained in Córdoba and Vázquez, 2003
[3], for α = 1.2 and β =0.3, corresponding to an aerosol optical
thickness τa = 0.6:

Foundations of propagation of radiation in a medium
In Kaskaoutis and Kambecidis, 2006 [4], real data are shown:

Foundations of propagation of radiation in a medium

Figure: α for different places and different aerosols: Bolivia - biomass burning;

Zambia - biomass burning; USA - urban/industrial; Mongolia - desert dust;
Bahrein - desert dust; Maldives - rural/ maritime

Foundations of propagation of radiation in a medium
Also, in Adeyewa and Balogun, 2003 [5], a comparison
between parameters α and β is shown:

More real data related to aerosol optical thickness can be
obtained from different official webpages:
https://aeronet.gsfc.nasa.gov/
https://sentinel.esa.int/web/sentil/

Elements of Fractional Calculus
Fractional operators generalize ordinary derivatives and integrals from
integer orders to non-integer orders (Kilbas et al., 2006 [6]).
The existence of different definitions of fractional operators allows a wide
spectrum of possibilities to model real phenomena (Velasco et al., 2015
[7]).

where

is known as Mittag-Leffler
function.

Different modeling scenarios

then

from which we obtain the classical mean square value, associated
to the Brownian motion,

Different modeling scenarios
Wavelength-fractional diffusion equation
Solar radiation in the atmosphere is governed by different time/space
scales. Thus, integro-differential equations could describe a better
modelization.

Solution or Green function is expressed through Mittag-Leffler or Wright
function:

Different modeling scenarios
Second and higher order
moments

Same τa (λ) under different conditions of diffusion or size of scattering
particles

Relation between two aerosols, τa,1 and τa,2

Different modeling scenarios
3D wavelength-fractional diffusion
equation

where coefficients cj , j = 1, 2, 3, taken as constants, correspond to
possible anisotropies along the three spatial directions. The initial profile g
(x ) may correspond, for instance, to the incoming solar irradiance
reaching the top of the atmosphere.

Different modeling scenarios
3D wavelength-fractional diffusion equation: Radial symmetry case
Whenever the dust layers are stratified radially and the spatial
dependence of the radiation is just with the distance and not the
directions, we may consider the radial symmetry case. If the strata are
homogeneous such that c1 =c2 =c3 =1, we perform a standard change of
the function,

Different modeling scenarios
3D wavelength-fractional diffusion equation: Radial symmetry
case
Formally this is a 1D problem that we solve using the same techniques:

where F is the Fourier transform of f and f (2j) is the 2j-order derivative of f .
If we consider r ∈ [0, R] with fixed-end null boundary conditions, the solution
is:

Numerical Methods
We define a discrete mesh with step size h for λ: λn =nh, and
discrete meshes with a common step ∆l for each of the spatial
variables:
xi = i∆l, yj = j∆l, zk = k ∆l;i, j, k ∈ Z.
To represent the second order spatial derivatives we use standard,
second order, centered, finite differences.

We have constructed two numerical methods for the 3D problem
using two different approaches to the Caputo operator:
the Diethelm representation, and the Odibat representation.
We use the notation:

Numerical Methods
Diethelm Representation: Case 0 < α < 1. Truncation error:.

with: dmn = (m + 1)1−α − 2m1−α + (m − 1)1−α, 0 < m < n.
Diethelm Representation: Case 1 < α < 2. Truncation
error:.

with:

Numerical Methods
Odibat Representation: Case 0 < α < 1. Truncation error:

Odibat Representation: Case 1 < α < 2. Truncation error:

With Cnm = (n − m + 1)p−α+1 − 2(n − m)p−α+1 + (n − m − 1)p−α+1,0 < m < n. The
computation of Cnm is much more costly than in the Diethelm approach.

Fractional Numerical
Simulations

Numerical Approach to Fractional
Differential Equations
FODEs  FPDEs (anomalous diffusion or

dispersion)
Linear Cases: Convergence, Stability, Von Neuman
stability analysis, Fourier Method, Energy Method.
Nonlinear Cases: many open questions.

Changpin Li and Fanhai Zeng “Finite Difference Methods for
Fractional Difference Equations” International Journal of
Bifurcation and Chaos 22, nº 4, 1230014 (28 pages) (2012).
Hongguan Sun and Wen Chen “Finite Difference Schemes for
Variable-order Time Fractional Diffusion Equation”. International
Journal of Bifurcation and Chaos 22, nº 4, 1250085 (16 pages)
(2012).

Possible Fractional Numerical
Scenario
Ben-yu Guo: “On Stability of Discretization”. Science Sinica A,
25, 702-715 (1982).

“On Stability of Fractional Discretization” (?)

Future works
The computational resources are demanding and we are
performing the ongoing simulations through cloud computing.
The principal objective is to compare numerical data vs real data.
Other complementary approach to this problem is the
consideration of the problem as an evolution problem in x with
boundary conditions in
(λ, x ) ∈ D ≡ [0, λmáx] × [0, H].

A new reformulation of the anomalous diffusion could be obtained
by considering x as the concentration of particles in the
atmosphere, which obstructs the radiation, such that x = 0 is a
clear atmosphere and x = 1 is a saturated atmosphere.
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Present and Future Work
Dust and Solar Radiation diffusion
•Different levels of radiative transfer codes (*)
• Systematic study according to the different components of the atmosphere
•Competition among the different length scales in the atmosphere: gas, dust and
electromagnetic wave lengths.
•Application of the fractional calculus models

• Stationary and dynamical models
To cross the data from different instruments in the same mission.
Cloud Computing Simulations

(*) Stamnes, K., S.C. Tsay, W. Wiscombe, and K. Jayaweera. Numerically stable algorithm for discrete-ordinate-method radiative
transfer in multiple scattering and emitting layered media. Appl. Opt., 27, 2502–2509, 1988
(*) Stamnes, K., S.C. Tsay, W. Wiscombe, and I. Laszlo. DISORT, a general-purpose FORTRAN program for Discrete-Ordinate
Method radiative transfer in scattering and emitting layered media. Documentation of methodology, version 1.1, 2000.

IN-SITU INSTRUMENT FOR MARS
AND EARTH DATING APPLICATIONS
Marie Skłodowska-Curie Actions (MSCA)
Research and Innovation Staff Exchange (RISE)
H2020-MSCA-RISE-2018

Basic Elements for IN TIME Project
The definition of the Mars radiation
environment needs to be addressed:
Solar Mars Radiation
Cosmic Rays
Solar Energetic Particles

Attenuation curve of these contributions from
surface down to 3 meters below Mars
surface.
Drilling Capabilities

Internal sources of radiation ->Composition of
Mars surface and subsurface

Parametrization of the average contribution to the
radiation environment (and attenuation) from
each of the soil mineral species

Effect of the local magnetic shield

Basic Elements for IN TIME Project
Terrestrial meteorological models of limited area  Adapted to Mars

To develop a local numerical method capable of reproducing
different meteorological processes which characterizes the
possible effects of radiation on the Mars surface and atmosphere.

"The Atmosphere and Climate of Mars"
www.cambridge.org/9781107016187.
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Abstract. Dust devils are important phenomena to take into account to understand the

global dust circulation of a planet. On Earth, their contribution to the injection of dust
into the atmosphere seems to be secondary. Elsewhere, there are many indications that
the dust devil’s role on other planets, in particular on Mars, could be fundamental,
impacting the global climate. The ability to identify and study these vortices from the
acquired meteorological measurements assumes a great importance for planetary
science. Here we present a new methodology to identify dust devils from the pressure
time series testing the method on the data acquired during a 2013 field campaign
performed in the Tafilalt region (Morocco) of the North-Western Sahara Desert.
Although the analysis of pressure is usually studied in the time domain, we prefer here
to follow a different approach and perform the analysis in a time signal-adapted
domain, the relation between the two being a bilinear transformation, i.e. a tomogram.
The tomographic technique has already been successfully applied in other research
fields like those of plasma reflectometry or the neuronal signatures. Here we show its
effectiveness also in the dust devils detection. To test our results, we compare the
tomography with a phase picker time domain analysis. We show the level of agreement
between the two methodologies and the advantages and disadvantages of the
tomographic approach.
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This paper is dedicated to Professor Benyu Guo
Abstract. The dust aerosols have an important effect on the solar radiation
in the Martial atmosphere and both surface and atmospheric heating rates,
which are also basic drivers of atmospheric dynamics. Aerosols cause an
attenuation of the solar radiation traversing the atmosphere and this
attenuation is modeled by the Lambert-Beer-Bouguer law, where the
aerosol optical thickness plays an important role. Through Angstrom law,
the aerosol optical thickness can be approximated and this law allows to
model attenuation of the solar radiation traversing the atmosphere by a
fractional diffusion equation. The analytical solution is available in the case
of one space dimension. When we extend the fractional diffusion equation
to the case of two or more space variables, we need large and massive
computations to approach numerically the solutions. In this case a suitable
strategy is to use the cloud computing to carry out the simulations. We
present an introduction to cloud computing applied to the fractional diffusion
equation in one dimension.
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• Abstract: In this paper we consider the implementation of the "cloud"
computing strategy to study data sets associated to the atmospheric
explorationof the planet Venus. More concretely, the Venus Monitoring
Camera (VMC) onboard Venus Express orbiter provided the largest and
the longest so far set of UV, visible and near-IR images for investigation of
the atmospheric circulation. To our best knowledge this is the first time
where the analysis of data from missions to Venus is integrated in the
context of the "cloud" computing. The followed path and protocols can be
extended to more general cases of space data analysis, and to the general
framework of the big data analysis.
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